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A REMARK ON AN OBSTACLE PROBLEM WITH LOWER
REGULARITY
ARAM KARAKHANYAN
Abstract. We construct a monotone quantity for the classical obstacle problem with
non-smooth obstacle, and show that the blow-ups are homogeneous functions of degree
α < 2.
1. Introduction
Let Ω ⊂ Rn be a bounded smooth domain and let
(1.1) K = {w : w − g ∈W 1,20 (Ω), w ≥ φ}
where g ∈W 1,2(Ω) is given Dirichlet data and φ ∈W 2,p(Ω)∩C1,β(Ω) is the obstacle. We
assume that g ≥ φ on ∂Ω. The obstacle problem then can be formulated as follows: find
a u ∈ K such that ˆ
Ω
|∇u|2 ≤
ˆ
Ω
|∇w|2 , ∀w ∈ K.
This problem has been extensively studied for smooth φ, see [Caf77], [Fri82], [Caf80],[CROS17],
[FS19], [RO18], [Wei99] and references therein. Our aim is to study this problem for C1,β
regular φ.
Theorem 1.1. Suppose that φ ∈ C1,β, φ(0) = |∇φ(0)| = 0 , 0 ∈ Ω and the following
inequality holds
(1.2)
( |x|
R
)α
φ
(
R
x
|x|
)
≥ φ (x) .
Then for every sequence Ri ↓ 0 there is a subsequence Rim such that um = u(Rim )Rαim con-
verges to some u0 and u0 is either homogeneous function of degree α := 1 + β or u0 ≡ 0.
Remark 1.2. Recall that ∇u and ∇φ have comparable moduli of continuity, see page 46
[Fri82].
Lemma 1.3. Let u be as in Theorem 1.1. Let
A(R, u) =
1
Rn+2(α−1)
ˆ
BR
|∇u|2 − α
ˆ
S
( u
Rα
)2
Then A(R, u) is nondecreasing function and A”(R) = 0 if and only if u is a homogenous
function of degree α.
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Proof. Define
w (x) :=
( |x|
R
)α
u
(
R
x
|x|
)
≥
( |x|
R
)α
φ
(
R
x
|x|
)
≥ φ (x) ,
and denote y = R
x
|x| . Then we have
∇iw (x) = α
( |x|
R
)α−1 xi
|x|Ru
(
R
x
|x|
)
+
( |x|
R
)α
uymR
(
δij
|x| −
xixm
|x|3
)
.
Observe that
n∑
i=1
xiuyi −
n∑
m=1
uymxm
n∑
i=1
x2i
|x|2 = 0.
Consequently,
|∇w|2 = α2
∣∣∣ x
R
∣∣∣2(α−1) 1
R2
u2
(
R
x
x
)
+
( |x|
R
)2α R2
|x|2
[
∇u− x|x|
(
∇u x|x|
)]2
=
( |x|
R
)2(α−1) [
α2
u2
R2
+ |∇u|2 −
(
∇u x|x|
)2]
.
Next we compute the Dirichlet energy
ˆ
BR
( |x|
R
)2(α−1) [
α2
u2
R2
+ |∇u|2 −
(
∇u x|x|
)2]
=
1
R2(α−1)
ˆ
S
[
α2
u2(Rθ)
R2
+ |∇u(Rθ)|2 − (∇u(Rθ)θ)2
]ˆ R
0
ρ2(α−1)+n−1dρ
=
Rn+2(α−1)
n+ 2(α− 1)
1
R2(α−1)
ˆ
S
[
α2
u2(Rθ)
R2
+ |∇u(Rθ)|2 − (∇u(Rθ)θ)2
]
=
Rn
n+ 2(α− 1)
ˆ
S
[
α2
u2(Rθ)
R2
+ |∇u(Rθ)|2 − (∇u(Rθ)θ)2
]
.
From
´
BR
|∇u|2 ≤ ´BR |∇w|2 we infer
ˆ
BR
|∇u|2 ≤ R
n+ 2(α− 1)
ˆ
∂BR
[
α2
u2
R2
+ |∇u|2 − (∇u · ν)2
]
,
or equivalently
ˆ
∂BR
[
−α2 u
2
R2
+ (∇u · ν)2
]
≤
ˆ
∂BR
|∇u|2 − n+ 2(α− 1)
R
ˆ
BR
|∇u|2
= Rn+2(α−1)
d
dR
(
1
Rn+2(α−1)
ˆ
BR
|∇u|2
)
.
3Consequently
d
dR
(
1
Rn+2(α−1)
ˆ
BR
|∇u|2
)
≥
ˆ
S
1
R1+2(α−1)
(∂νu)
2 − α2 u
2
R3+2(α−1)
=
ˆ
S
1
R1+2(α−1)
(
∂ν − α u
R
)2 − 2α2 u2
R3+2(α−1)
+ 2α
u
R
∂νu
1
R1+2(α−1)
=
ˆ
S
1
R1+2(α−1)
(
∂νu− α u
R
)2
+ α
d
dR
ˆ
S
( u
Rα
)2
.
Thus if we denote
A(R) =
1
Rn+2(α−1)
ˆ
BR
|∇u|2 − α
ˆ
S
( u
Rα
)2
we obtain
A′(R, u) ≥
ˆ
S
1
R1+2(α−1)
(
∂νu− α u
R
)2 ≥ 0.

Now we can finish the proof of Theorem 1.1.
Proof. By Remark 1.2 we have that {um}∞m=1 is bounded in C1,β for a subsequence. Using
the scaling properties of A(R, u) we see that for s > 0 we have
A(sRim , u) = A(s, um).
Consequently, if 0 < s1 < s2 then by Lemma 1.3 we have
A(s2Rim , u)−A(s1Rim , u) = A(s2, um)−A(s1, um) ≥
ˆ s2
s1
[ˆ
S
1
R1+2(α−1)
(
∂νum − αum
R
)2]
dR ≥ 0.
Using a customary compactness argument we see that there is a function u0 such that
um → u0 in C1,βloc (Rn). One the other hand limm→∞(A(s2Rim , u)−A(s1Rim , u)) = 0. 
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